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Abstract. — In this paper, we state with a variational method a general theorem providing 
the existence of a weak solution u for fractional Euler-Lagrange equations of the type: 

»: ^(u,Dlu,t) + Dl(^^{u,Dlu,t)^^Q, (EL'^) 

r^ ' on a real interval [a, b] and where Dl and D+ are the fractional derivatives of Riemann-Liouville 

/^ , of order < a < 1. 
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1. Introduction 

K^ . 1.1. Context in the fractional calculus. — The fractional calculus is the mathematical 

''^ ' domain dealing with the generalization of the derivative to any real order. It plays an 

increasing role in many varied scientific fields as economy [llj , probability |26|i I31j or biology 

|27j . Particularly, fractional derivatives have recently been proved to be valuable tools in 

^r~i \ many physical contexts (see |18j ): wave mechanic [4], viscoelasticity [5], thermodynamics 

O ■ |19j . fluid mechanic in heterogeneous media |16|, [32], etc. 

CN 

In recent years, a subtopic of the fractional calculus gains importance: it concerns the varia- 
tional principles on functionals involving fractional derivatives. This leads to the statement 
^ ' of fractional Euler-Lagrange equations, see [1], [61, I29j . 

- - - Precisely, in the whole paper, let us consider a < b two reals, d € N* and the following 

Lagrangian functional 

C{u) = I L{u,D'^u,t)dt, (1) 

J a 

where L is a Lagrangian, i.e. an application of the form: 

L: M'^ X M'^ X [a, 6] — > R (2) 

{x,y,t) I — > L{x,y,t), 

where -D" is the left fractional derivative of Riemann-Liouville of order < a < 1 and where 
the variables u are functions defined on (a, b) with values in R"'. Let us precise that the 
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definitions of the fractional operators of Riemann-Liouville are reminded in Section 12.21 

Then, with smooth enough Lagrangian L and variables u, a calculus of variations leads to the 
following result: u is a critical point of C if and only if u is solution of the following fractional 
Euler- Lagrange equation: 



|(„,„:.M) + o:(| 



u,D'^u,t)+D%[^u,Dlu,t)]=^, (EL^ 



where D" is the right fractional derivative of Riemann-Liouville. We refer to pQ [Bl I29| for 
more details. 

Let us note that a direct consequence of this work is the emergence of many studies concerning 
a class of fractional optimal control problems, see [2], [Si I14^ I15|, I20| and references therein. 
However, fractional differential equations are in general very difficult to solve (see |22|, I28^ 130] 
for some solved examples). Moreover, ()EL"P presents an asymmetry: left and right fractional 
derivatives are involved and it is an additional drawback for the explicit computation of a 
solution (even with simple Lagrangian L, see [7|, 124) ). Consequently, numerous studies have 
been devoted to numerical schemes for ()EL"P (see [3], [9]) and to the statement of fractional 
Noether's theorems providing constants of motion (see [HI I14|, I15| ). 

1.2. Main result. — In this paper, we provide a general theorem of existence of a weak 
solution for ()EL"P , see Theorem [21 Although some results in this direction are given for 
particular fractional variational problems [2H I23| . it seems that no general theorem is 
provided in the literature on the subject. 

Firstly, let us give some notations and spaces of functions. In the whole paper, let us denote 
II • II the Euclidean norm of M'^ and '^ := "^([a, 6];M'^) the space of continuous functions 
endowed with its usual norm || • ||oo- Then, for any p > 1, let L^ := LP((a, 6);IR'^) be the 
classical Lebesgue space of p-integrable functions endowed with its usual norm || • \\lp. 

Now, let us give the following definition: 

Definition 1. — A function u is said to be a weak solution of ()EL"P if u € '^ and if u 
satisfies ()EL"P almost everywhere on [a,b]. 

For any < a < 1 and any p > 1, let us define the following space of functions: 

E^^p ■= {u € LP satisfying D'^u € L^ and /^ o D'^u = u}, (3) 

where /" is the left fractional integral of Riemann-Liouville, see definition in Section 12.21 

We are now in position in order to formulate the main result of the paper: 

Theorem 2. — Let L be a Lagrangian of class 'rf^ and < (1/p) < a < 1. If L satisfies the 
following hypothesis denoted ( |HiP , ( IH2P , ( IH3P , ( IH4P and ( IH5P ; 

— there exist < di < p and ri, si G "^(M x [a,6],M^) such that: 

y{x,y,t) eR'^xR'^x [a,b], \L{x,y,t) - L(x,0,i)| < ri(x, t)||yf ^ + si(x, t); (Hi) 
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there exist < d2 < p and r2, S2 G "^(M x [a, 6],M^) such that: 

dL 



y{x,y,t) gM'* xM'* X [a,b], 



dx 



{x,y,t) 



<r2{x,t)\\yf^+S2{x,t); 



there exist < d^ < p — 1 and r^, S3 G '^(M'^ x [a, b],M.'^) such that: 



y{x,v,t) eR'^ xR'^ X [a, 6], 



dy 



<r-i{x,t)\\yt^ +sz{x,t); 



(H2) 



(H3 



— coercivity condition: there exist 7 > 0, 1 < ^4 < p, ci G 'W{R x [a, 6], [7, oo[), C2, 

C3 G '^{[a,b],R) such that: 

V(x,y,t)GM'^xM^x[a,6], Lix,y,t) > ci{x,t)\\y\\^ + C2{t)\\xf^ + csit); (H4) 

— convexity condition: 

Vt G [a,b], L{-,-,t) is convex. (H5) 

Then, C admits a global minimum u on E^^p and u is a weak solution of ()EL"p . 
Actually, we also prove in this paper other versions of this theorem with weaker assumptions 



replacing Hypothesis ([HsD. We refer to Section [5i 



1.3. About the proof. — In the classical case a = 1, Z)i = —D^ = d/dt and conse- 
quently ()EL°P is nothing else but the classical Euler-Lagrange equation formulated in the 
1750s. In this case, a lot of results of existence of solutions are already given. Nevertheless, 
there exist different approaches. 

Indeed, a first approach is to develop the classical Euler-Lagrange equation in order to 
obtain an implicit second order differential equation, see |17] for example. Then, under a 
hyper regularity or non singularity condition on the Lagrangian L, the equation is written 
as an explicit second order differential equation and the Cauchy-Lipschitz Theorem gives the 
existence of local or global regular solutions. Nevertheless, a second approach consists in 
using the variational structure of the equation, see |12|, I13j for example. Indeed, under some 
assumptions, the critical points of C are solutions of the classical Euler-Lagrange equation. 
The idea is then to prove the existence of critical points of C. In this way, authors assume 
some conditions (like coercivity and convexity of the Lagrangian L) implying the existence 
of extrema of C With this second method, authors have to use reflexive spaces of functions 
and consequently, they only obtain weak solutions (in specific senses). 

In this paper, we extend the second approach to the strict fractional case. Indeed, although 
there exist fractional versions of the Cauchy-Lipschitz Theorem (see [22^ I30j ). there is no 
simple rules for the fractional derivative of a composition and consequently, we can not write 
()EL"P in a simpler way. Hence, in the strict fractional case, we can not follow the first method. 



Theorem [2] is based on two preliminary results. Precisely, under Hypothesis (Hi), (H2) and 



(H3), Theorem [TOl in Section [J] states that if u is a critical point of C defined on E^^p, then u 
is a weak solution of ()EL"p . Assuming additionally Hypothesis (H4) and ( IH5P , Theorem [T2] 
in Section [5] states that C admits a global minimum on E^^p. Hence, the proof of Theorem [2] 
is completed. 
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Let US precise that the method here developed is inspired by the study of the existence of a 
weak solution for a particular fractional variational problem in j21j and inspired by the works 
concerning the existence of a weak solution for classical Euler-Lagrange equations in |12|, I13j . 

1.4. Organisation of the paper. — The paper is organized as follows. In Section [21 we 
give some usual notations of spaces of continuous functions and we remind the definitions 
of the fractional operators of Riemann-Liouville. Then, we give some useful properties of 
these fractional operators. Section [3] is devoted to the study of the space E^^p on which the 
Lagrangian functional C will be defined. In particular, we prove that it is a separable reflexive 
Banach space. In Section 21 we are interested in the variational structure of (|EL"P and we 
prove Theorem fTOl stating that every critical points of C on Ea^p are weak solutions of (|EL"p . 
In Section O we prove Theorem [TJ] stating, under coercivity and convexity conditions, that 
C admits a global minimum on Ea^p. Sectional is devoted to some examples. 



2. Reminder about fractional calculus 

2.1. Some spaces of continuous functions. — Let us give some usual notations of spaces 
of continuous functions defined on [a, b] with values in R'^: 

— AC := AC([a, 6];]R'^) the space of absolutely continuous functions; 

— ^°° := 'if°°{[a,b];M.'^) the space of infinitely differentiable functions; 

— "^(f" := '^^{[a,b];'U.'^) the space of infinitely differentiable functions and compactly sup- 
ported in ]a,b[. 

Let us remind that AC coincides with the usual Sobolev space W^'^ := VK^'^((a, 6);M'^) and 
with the following space: 

AC = {/ e '^, / differentiable a.e. on [a,b] and / G L^}, (4) 

where a.e. denotes almost everywhere and where / denotes the derivative of /. In particular, 
for / G AC, the following equalities hold: 

yt G [a, 6], fit) = f{a) + j fiO di = f{b) - j f{i) d^. (5) 

We refer to [25j for more details concerning the absolutely continuous functions. 

Finally, let us denote by "^o (resp. ACq or ^q°) the space of functions / G '^ (resp. AC or 
^°°) such that /(a) = 0. In particular, we have "^^ C -^0°° C ACq. 

2.2. Fractional operators of Riemann-Liouville. — Since 1695, numerous notions of 
fractional operators emerge over the year, see |22|, I28|, I30j . In this paper, we only use the 
fractional operators of Riemann-Liouville (1847) whose definitions and some basic results are 
reminded in this section. We refer to |22|, I30j for the omitted proofs. 

Let a > and / be a function defined on (a, b) with values in M . The left (resp. right) 
fractional integral in the sense of Riemann-Liouville with inferior limit a (resp. superior limit 
b) of order a of / is given by: 

Vt G]a,6], r/(t) := -i- r(t-e)°-V(0 d^, (6) 

r(a) Ja 
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respectively: 

Vt G [a, b[, nfit) := -i- f\c - t)-" V(e) dt (7) 

where T denotes the Euler's Gamma function and provided the right side terms are defined. 
If / € L^, then /"/ and /"/ are defined a.e. on (a, b). 

Now, let us consider < a < 1. The left (resp. right) fractional derivative in the sense of 
Riemann-Liouville with inferior limit a (resp. superior limit b) of order a of / is given by: 

Vt e]a,b], Dlg{t) := ^^{l-"''g)it) (resp. Vt G [a,b[, D^git) := -±{ll~-g){t)), (8) 

provided the right side terms are defined. If / G AC, then D'^f and D"f are defined a.e. on 
(a, b) and we have: 

Hence, if / G ACq, then 1)°/ = /!""/ and L>^/ = -/+""/. 

2.3. Some properties of the fractional operators. — In this section, we provide 
some properties concerning the left fractional operators of Riemann-Liouville. One can easily 
derive the analogous versions for the right ones. These properties are used further in the paper. 

Properties O |4] and [5] are well-known and one can find their proofs in the classical literature 
on the subject, see |22|, I30j for example. The first result yields the semi-group property of 
the left Riemann-Liouville fractional integral: 

Property 3. — For any a, (3 > and any function f ^ L^ , the following equality holds: 

r o i^/ = r+^/. (10) 

From Property [3l one can easily deduce the following results concerning the composition 
between fractional integral and fractional derivative: 

V/ G lS Z)° oltf = f and V/ G AC, /^ o Dtf = f. (11) 

Another classical result is the boundedness of the left fractional integral from L^ to L^: 

Property 4- — For any a > and any p > 1, I'^ is linear and continuous from L^ to U' . 
Precisely, we have: 

yfGLP, \\I-fU,<^-^\\fU,. (12) 

r(l + a) 

The following classical property concerns the integration of fractional integrals. It is occa- 
sionally called fractional integration by parts: 

Property 5. — Let < a < 1. Let f ^ W and g ^ L'^ where (l/p) + (l/q) < 1 + a (and 
p ^ 1 ^ q in the case (l/p) + i^/q) = 1 + a). Then, the following equality holds: 

f I^f-gdt= f f-I^gdt. (13) 

J a J a 
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This change of side of the fractional integral (from 7° to /^) is responsible of the emergence 
of -D" in (|EL°P although only Z?" is involved in the Lagrangian functional L. We refer to 
Section [4.21 for more details. 



The following Property [6] is mainly proved in |21j . For the reader's convenience, we remind 
the proof. This following result completes Property S] in the case < (1/p) < a < 1. Indeed, 
in this case, I°L is additionally bounded from LP to '^q. Precisely: 

Property 6. — Let < (1/p) < a < 1 and q = p/{p — 1). Then, for any f £ L^, we have: 

— /"/ is Holder continuous on ]a,b] with exponent a — (l/p) > 0; 

- lim/^/(i) = 0. 

Consequently, I"f can be continuously extended by in t = a. Finally, for any f £ L^, we 
have I"f G '^o- Moreover, the following inequality holds: 

{b - a)""(i/p) 



V/ G LP, ||/^/||oo < 



LP- 



(14) 



T{a){{a-l)q+l)'^' 

Proof. — Let f £ L'p and let us remind the following inequality: 

Va > & > 0, (a - by < a" - b^. (15) 

Let us prove that /"/ is Holder continuous on ]a,b]. For any a < ti < t2 < b, using the 
Holder's inequality, we have: 



\I^f{t2)-I^f{tl) 



1 



< 



r(a) 
1 



f\t2- C)"-V(e) d^- f\ti- e)"-V(0 d^ 

J a J a 

r(i2-c)"-V(e)dc 

Jti_ 



+ 



Fa 



< 



LP 



F(a) 



Q*'(t2-e)("-')'^rfe) 



{{t2-ir-'-{ti-ir-')f{0di 



\f\\LP 



f\{ti-ir-^-{t2-ir-^yddj 



!/<? 



< 



l/<? 



F(a) 



< 



ri7;;'-*2 -ti) 

Do + ir" 



a-(l/p) 



T{a){{a-l)q + l)- 

The proof of the first point is completed. Let us prove the second point. For any t g]o, 6], we 
can prove in the same manner that: 

ll^-/WII < 



LP 



F(a)((a-l)g + l 



Ml 



{t - a)"-(i/P) > 



t-^a 



(16) 
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which completes the proof. D 

3. Space of functions E^^p 

A variational method in order to prove the existence of a weak solution of ()EL"P needs the 
introduction of an appropriate space of functions. This space has to present some properties 
like reflexivity. In this paper, we take inspiration from the space introduced in [21] and we 
add an additional condition on it. 

From now and in all the rest of the paper, we consider: 

0<(l/p)<a<l, q=p/{p-l) (17) 

and the space of functions E^^p defined in Equation ([3]). We endow E^^p with the following 
norm: 

II • ||a,p : Ea,p — > M (18) 

u ^ (||n|r^, + ||Z?-^||^,)^/^ 
Let us note that: 

I ■ \a,p ■ Ea,p > M^ (19) 

1 1 T~\fy 1 1 

U I — > \\IJ_u\\lp 
is an equivalent norm to || • \\a,p for E^^p. Indeed, using Property [H we have: 

Vn G Ea,p, Mlp = \\I-0 D'^uWlp < ^^~,"''°x P"^IIlp- (20) 

r(l + a) 

In this section, we prove the following proposition: 

Proposition 7. — E^^p is a reflexive separable Banach space and we have E^^p ^^ '^o- 

We finish this section with some remarks, see Section [32 



3.1. Ea^p is a reflexive separable Banach space. — Let us prove this property. First, 
let us denote (L^)^ := L'^ x L'P endowed with the norm ||(?i, t')||(LP)2 = (||ti||^p + IbllLp)"*^'^- 
Since p > I, {L'P, \\ ■ \\lp) is a reflexive separable Banach space and therefore, ((L^)^, || • ||(2,p)2) 
is also a reflexive separable Banach space. 

Let us define O := {(u, £)"«), u € Ea^p} and let us prove that fi is a closed subspace of 
((^^)^) II • II(LP)2)- ^^* {un,Vn)nen C O such that: 

(LP)2 
{Un,Vn) > {u,v). (21) 

Let us prove that {u,v) € fi. For any n € N, {un,Vn) € ^- Thus, Un € Ea,p and Vn = D°tun- 
Consequently, we have: 

Un — > u and Dtun — > v. (22) 

For any n 6 N, since n„ G E^^p and since 1° is continuous from L^ to L^, we have: 

Un = I^o D'^un -^ Ilv. (23) 

Thus, u = I'^v, W^u = -D" o I'^v = V (z L'P and /° o D'^u = I^v = u. Hence, u € E^^p and 
{u,v) = {u,D"u) G U. In conclusion, il is a closed subspace of ((L^)^, || • ||(lp)2) and then Q 
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is a reflexive separable Banach space. 

Finally, defining the following operator: 

A : Ec,,p — > n (24) 

we prove that Ea^p is isometric isomorphic to 0, and then, the proof is completed. 

3.2. The continuous embedding Ea^p ^-^ '^o- — Let us prove this result. Let u G E^^p 
and then D'^u € L^. Since < (1/p) < a < 1, Property [6] gives /" oD'^u € ^o- Furthermore, 
we have ti = /" o W^u and consequently, we can identify u to its continuous representative. 
Moreover, Property [6] also gives: 

\a-{l/p) 



\fu G Ea,p, \\u\\oo = ||/" o D'^uWoo < 3—7: :7T7^I^U,P- (25) 



a 
T{a){{a-l)q+l) 
Since || • \\a,p and \ ■ \a,p are equivalent norms, the proof is completed 



3.3. The compact embedding E^^p ^^ ^q. — Let us prove this property. Since E^^p is 
a reflexive Banach space, we have just to prove that: 



Ea.-p 



V(ti„)„gN C Ea^p such that n.„ — -^ u, then u„ — > u. (26) 

Let {un)n&i C Ea^p such that: 

Un ^^ u. (27) 

Since Ea^p ^^ 'Ioq, we have: 

Un — ^ u. (28) 

Since (itn)neN converges weakly in -Ea^p, {un)n&n is bounded in E^^p. Consequently, 
(Z'"un)nGN is bouuded in L^ by a constant M > 0. Let us prove that {un)n&i C "^o is 
uniformly lipschitzian on [a, h\. Indeed, according to the proof of Property O we have: 

Vn € N, Va < ti < t2 < b, ||u„(i2) - Un{ti)\\ < ||r o DlUn(,t2) - /" o DlUn{ti)\\ 

2\\D^Un\\LP 



< 



r{a){{a-l)q+l] 



jj-{t2-tir-^'/^^ 



2M 



r{a){{a-l)q+l) 



TF.^' 



2 - Hj 



Hence, from the Ascoli's Theorem, [un)n&i is relatively compact in '^. Consequently, there 
exists a subsequence of {un)n&i converging strongly in 'lo and the limit is u by uniqueness of 
the weak limit. 

Now, let us prove by contradiction that the whole sequence (Mn)nGN converges strongly to u 
in ^. Indeed, in the negative case, there exist e > and a subsequence (itnfc)fcGN such that: 

V/c G N, \\un^ - n||oo > e > 0. (29) 

Nevertheless, since {unf,)k&i is a subsequence of {un)n&i-, then it satisfles: 
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In the same way (using the Ascoh's Theorem), we can construct a subsequence of (u„j.)fcgpj 
converging strongly to u in "^ which is a contradiction to ()29p . The proof is now completed. 

3.4. Some remarks. — First, let us remind a result concerning the action of the left 
fractional integral on regular functions. One can derive the analogous version for the right 
one: 

V(p G 'r~, /^¥^ e <^o°°. (31) 

Prom this result, we can prove the two following results. The first one is: 

"^0°° is dense in Ea^p- (32) 

Firstly, let us prove that ^^ C E^^p- Let u G ^^ C L^. Since u G ACq and n G L^, we have 
-D"n = /l"°n G LP. Since u G AC, we also have I^ o D'^u = u. Finally, u G S„,p. Now, let 
us prove that 'iaQ° is dense in Ea^p. Let u G E^^p, then D'^u G L^. Consequently, there exists 
(fn)nGN C "^^^^ such that: 

Vn -^ -D^-u and then Ilvn ^ II o D'^u = u, (33) 

since /" is continuous from L^ to L^. Defining n„ := I^Vn G '^o° ^o^ ^'^y ?^ G N, we obtain: 

Un^u and D^u,, = 1)^0 /°t;„ = t;„ ^ D^u. (34) 

Finally, (u„)nGN C ^q^ and converges to n in Ea,p- The proof is completed. 
The second result is the following. In the case (l/p) < min(Q, 1 — a), let us prove that: 

Ea,p = {ueL'P satisfying D^u G L^}. (35) 

Precisely, let u a L^ satisfying D'i^u G U* and let us prove that /" o L)"n = u. Let ip G '^^ C 
L^. Since D"ii G L'^, Property [5] leads to: 

/ r o Diu -^(11= I Dtu ■ I^ip dt= I ^(/l""n) • /°c^ dt. (36) 

Then, an integration by parts gives: 

fb r-b 

I^ o D'^u ■ if dt = / l\-'^u-D^-''ipdt. (37) 

./a 

Indeed, Iltpib) = since y? G ^c°° and /l~°u(a) = since u ^ LP and (l/p) < 1 — a. Finally, 
using Property [S] again, we obtain: 

rb fb j-b 

/ I1oDlu-ipdt= / n • /|~" o D^-°^ dt = / u-ifdt, (38) 

./a ./a Ja 

which concludes the proof. In this case, let us note that such a definition of E^^p could lead 
us to name it fractional Soholev space and to denote it W^'P. Nevertheless, these notion and 
notation are already used, see |10] . 
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4. Variational structure of ()EL°P 

Prom now and in all the rest of the paper, we assume that the Lagrangian L is of class '^^ 
and we consider the Lagrangian functional C only defined on the space of functions E^^p. 
Precisely, let us denote: 

C : Ea,p — > M (39) 

^ / L{u,D'^u,t)dt. 

J a 



U 



In Section [4. H assuming that L satisfies Hypothesis (H]^), (H2) and (H3), we first prove the 
following results: 

— C{u) exists in M for any u G Ea^p] 

— C\s Gateaux-differentiable at every u G £"0,^- 

Let us remind that C is said to be Gateaux-differentiable at li € Ea^p if the application: 

DC{u) : E^^p — > M (40) 

^^. ^/ N , C(u + hv) — C(u) 
V I — > D£.(u)(v) := lim -^ / ^^ 

is defined in R for any v G i?a,p and if it is linear and continuous. Pinally, let us remind that 
u is said to be a critical point of jC if DC{u) = 0. 



Finally, in Section [4.21 under Hypothesis (Hi ), (H2) and (H3), we finally provide Theorem [TOl 
stating the following implication: 

u critical point of C =^ u weak solution of ()EL"|) . (41) 

4.1. Gateaux-difTerentiability of C. — Let us prove the following lemma: 

Lemma 8. — The following implications hold: 

— L satisfies ( |Hi[ ) =^ for any u G Ea^p, L{u, W^Ujt) G L^ and then C{u) exists in M; 

— L satisfies (H2) =^ for any u G E^^p, dL/dx{u,D'^u,t) G L^ ; 



— L satisfies (H3) =^ for any u G E^^p, dL / dy{u, D'^u,t) G L'^ . 



Proof. — Let us assume that L satisfies ( |HiD and let u G E^p C "^o- Then, ||-D"u||^ G 
IjP/di (- ji g^jjj^ ^]^g three applications t — > ri[u{t),t), si(n(t),t), \L(^u{t),0,t)\ G 
^([a,6],M^) C L°° C L^. From Hypothesis ( |HiD , we have for almost every t G [a,b]: 

\L{u{t),D^u{t),t)\ <ri{u{t),t)\\D'^u{t)\f' + si{u{t),t) + \L{u{t),0,t)\. (42) 

Hence, we can conclude that L{u, D"u, t) G L^ and then C{u) exists in M. We proceed in the 
same manner in order to prove the second point of Lemma [8l Now, assuming that L satisfies 
( IH3D , we have ||-D"ti||'^^ G L^'^^ ^ j^q fQj. a,ny u G Ea^p. Thus, still in the same way, we prove 



the third point of Lemma [8l D 

Let us prove the following result: 



Proposition 9. — Let us assume that L satisfies Hypothesis ( |HiD , ( IH2D and ( IH3D . Then, C 
is Gateaux-differentiable at every u G E^^p and we have: 

r-b 



I BT BT 

yu,veEap, DC{u){v)= / —{u,Dlu,t)-v + —{u,D'^u,t)-D'l 

Ja OX By 



V dt. (43) 
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Proof. — Let u, v € Ea^p C "^o- Let us define: 

V'«,«(i,/i) ■.= L{u{t) + hv{t),Dtu{t) + hDtv{t),t), (44) 

for any h € [—1, 1] and for almost every t G [a, h]. Then, let us define the following application: 

ct>u,v: [-1,1] -^ M (45) 

b rb 

h I — > I L{u + hv,D'^u + hD'^v,t) dt= ijuvit^h) dt. 



Our aim is to prove that the following term: 

DC{u){v) = lim ^(^ + H-An) ^ ^.^ c^uAh)-JuA^) ^ ^, ^^^^ ^^g^ 

exists in M. In order to differentiate (j)u,v, we use the theorem of differentiation under the 
integral sign. Indeed, we have for almost every t € [a, 6], ipu,v{t, •) is differentiable on [—1, 1] 
with: 

\fh G [-1,1], ^|^(t,/i) = ^{u{t) + hv{t),D'^uit) + hDlv{t),t) ■ vit) 



dh 



dx 



BT 

+ ^(u(t) + hv(t), Dlu(t) + hD'^v(t),t) -Dlvit). (47) 
ay 

Then, from Hypothesis (H2 ) and ( IH3D , we have for any h G [—1, 1] and for almost every 
t G [a,b]: 



di^u,v 



dh 



{t,h) 



< 



+ 



r2{u{t) + hv{t),t) \\D^u{t) + hD'^v{t)f^ + S2{u{t) + hv{t),t) 
r3{u{t) + hv{t), t) \\Dlu{t) + hD'^v{t)f-^ + S3{u{t) + hv{t), t)] \\D'^v{t)\\. (48) 



Let us define: 



r2 ,0 := max r2(u(t) + hv(t),t) 

{t,/i)G[a,fe]x[-l,l] 



(49) 



and let us define similarly 52,0, '"s.o, ■53,0- Finally, we have: 



dipu,- 



dh 



■it,h) 



<2^'r2,o{ \\Dlu{t)\r + \\D^v{t)\n \\v{t)\\ +S2,o \\v 

+ 2^-^r3^o \\Dlu{t)f^ + \\D^v{t)t^ ) \\Dlv{t)\\ +53,0 \\Dlvm . (50) 

The right term is then a L^ function independent of h. Consequently, we can use the theorem 
of differentiation under the integral sign and we obtain that <j)u „ is differentiable with: 



V/iG[-l,l], cP'ih) 



dh 



(t, h) dt. 



(51) 



In particular, we finally have: 

dh 



DC{u){v) = ^'M 



rb aj ar 

(t, 0)dt= / — (n, D^u, t)-v + —{u, D^u, t) ■ D^v dt. 
Ja Bx oy 

(52) 
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From Lemma [SI we have: 



Pit P)t 

— (u,D'^u,t) G L^ and —(u,Dlu,t) G L'?. 
ox oy 



(53) 



Then, since f G ^o C L°° and D^w G L^, we have DC{u){v) exists in M. Moreover, we have: 



\DC{u){v)\ < 






< 



(b-a) 



a-{l/p) 



,r(a)((Q-l)g + l) 



dL 

dx 



r)T 

-T-{u,Dlu,t] 
dy 



iD-^vl 



LP 



1/9 



{u,D'^u,t] 



LI 



+ 



Li 



dL 

dy 



{u,D'^u,t] 



\a,p- 



Li , 



Consequently, DC{u) is Hnear and continuous from Ea^p to M. The proof is completed. D 
4.2. Theorem IIOI — We are now in position in order to provide the following theorem: 



Theorem 10. — Let us assume that L satisfies Hypothesis ( |HiD , ( IH2D and (H3). Then: 

u critical point of C =^ u weak solution of ()EL"|) . (54) 

Proof. — Let u be a critical point of C. Then, we have in particular: 

yve'^^, DC(u)(v)= ^-(u,D^u,t)-v + ^-(u,D^u,t)-D^vdt = 0. (55) 

Ja 9x dy 

For any v e "^^ C ACq, D^v = l}r"v G ^0°°. Since dL/dy{u,D^u,t) G L", Property [5] 
gives: 

/b f)T / f)T \ 

— {u,DZu,t)-v + ll-''(—{u,Dtu,t)\ ■vdt = 0. (56) 

Finally, let us define: 

ft gT 

yt G [a, 6], Wu{t) = / —{u,D'^u,t) dt. (57) 

Since dL/dx{u,D°^u,t) G L^, Wu G ACq and vJu = dL/dx{u,D°tu,t). Then, an integration 
by parts leads to: 

cb 



yv G ^c°°, f (1I-" (^{u,D^u,t)\ -Wuj ■vdt = 0. 



Consequently, there exists a constant C G M such that: 



ll^-{^{n,D-_u,t: 



C + wue AC. 



By differentiation, we obtain: 



Dli^{u,Dlu,t] 



dL 

dx 



{u,D'^u,t), 



and then u G E^^p C '^ satisfies ()EL"P a.e. on [a, b]. The proof is completed. 



(58) 
(59) 

(60) 
D 



Let us note that the use of Property [5] in the previous proof is responsible of the emergence 
of D" in (|EL°p although C is only dependent of D". This asymmetry in (|EL"P is a strong 
drawback in order to solve it explicitly. However, Theorem [2] implies the existence of a weak 
solution for ([El?]) . 
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5. Existence of a global minimum of £ 



In this section, under assumptions ( IH4D and ( IH5D , we prove the existence of a global 
minimum u of C, see Theorem [T2l Finally, u is then a critical point of C and then u is a 
weak solution of ()EL"P according to TheoremllOl Hence, the proof of Theorem [2] is completed. 

In this section, we take widely inspiration from |12|, I13j where a similar method is developed 
in the case of the classical Euler-Lagrange equation (i.e. for a = 1). 

5.1. Other convexity conditions. — As usual in a variational method, in order to 
prove the existence of a global minimum of a functional, coercivity and convexity hypothesis 
need to be added on the Lagrangian. We have already define Hypothesis ( IH4D (coercivity) 
and ( IH5D (convexity) in Section 11.21 In this section, we introduce two additional convexity 
hypothesis (Hg) and (H5) under which Theorem [2] is still valid. 



The following hypothesis is denoted ( H5 ) : 
y{x,t) G M*^ X [a,b], L{x,-,t) is convex 

and {L{-,y, t)) ^y^^)(,^d^[a,b] ^^ uniformly equicontinuous on M°'. (H'5) 
We remind that the uniform equicontinuity of [L{-,y,t)), MpigdxfaW signifies: 

Ve>0, 3(5 >0, V(xi,X2) G {M.'^f, 

\\x2-xi\\ <<5^V(y,i)GM^x [a,b],\L{x2,y,t) - L{xi,y,t)\ < e. (61) 



Let us note that Hypothesis (IH5D and (Ht) are independent. 



Finally, let us define the following hypothesis denoted ( H5 ) : 

V(x, t) G M*^ X [a, b], L{x, •, i) is convex. 



(H'sO 



Of course, Hypothesis (H5) is the weakest. Nevertheless, in this case, the detailed proof of 



Theorem [T2l is more complicated. Consequently, in the case of Hypothesis (Hg), we do not 
develop the proof and we use a strong result proved in |13j . 

5.2. Theorem 1121 — Let us prove the following preliminary result: 



Lemma 11. 

sense that: 



Let us assume that L satisfies Hypothesis (H4). Then, C is coercive in the 



lim >C(ti) 

\\u\\a.p-^+ca 



+00. 



Proof. — Let u G -Ea,p, we have: 

b r-b 

L{u,D^u,t)dt> / ci{u,t)\\D'^u\\P + C2{t)\\u\f*+C3it)dt. 



C{u) 
Equation ()20p implies that: 



ur^,^<{b-ay~-\\u\\%<^^ "^ 



i_ik 



a+l- 



(^4 



a „,\\d4, 



r(a + i) 



Wu 



(b-a) 



a+l- 



^4 



LP 



r(a + i) 



1^4 



(62) 



(63) 



(64) 
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Finally, we conclude that: 



Vu G Ea,p, C{u) > 7||L>^uiiP 



LP 



> 7KIL 



\c2\\ooib-a 



11^4 



aj||C3|[oo 



\d,i 



(6-o)||c3| 



(65) 



(66) 



'■'P r(a + l) ' '"'P 

Since d^ < p and since the norms | • \a,p and || • \\a,p are equivalent, the proof is completed. D 
Now, we are in position in order to prove Theorem 1121 



Theorem 12. — Let us assume that L satisfies Hypothesis (Hj^), (H2 ), (H3), (H4) and one 
of Hypothesis ( IH5P , (Hg) or (H5). Then, C admits a global minim^um u in Ea,p- 



Proof. — Let {un)n&n be a sequence in Ea^p satisfying: 

C{un) — > inf C{v) =: K. 



(67) 



Since L satisfies Hypothesis ( |Hi[ ), C{u) € M for any u G Ea^p. Hence, K < +cx3. Let us prove 
by contradiction that {un)n&N is bounded in E^^p. In the negative case, we can construct a 
subsequence iun,^)keN satisfying ||u„J|a,p 
[TT] gives: 

K = lirn£(ii„^) = +00, 



+00. Since L satisfies Hypothesis (H4), Lemma 



which is a contradiction. Hence, {un)n£'N is bounded in E^^p. Since E^^p is reflexive, there 
exists a subsequence still denoted {un)neN converging weakly in Ea,p to an element denoted 
u € Ea,p. Let us prove that n is a global minimum of C Since: 



Ur, 



u and Eap ^^ '^0, 



we have: 



u and D°!_Ur. 



LP 



Diu. 



(69) 
(70) 



Case L satisfies ( IH5D ; in this case, by convexity, we have for any n £ N: 



pb rb 

C{un)= I L{un,D'^Un,t) dt> / L{u,Dlu,t)dt 

J a J a 



+ 



b gf rb or 

{u,D^u,t)-{un-u)dt+ j-{u,D^U,t)-{D^Un-DZu)dt. (71) 



dx 



a dy 



Since L satisfies Hypothesis ( IH2D and ([H3]), dL/dx{u,D'i^u,t) G L^ and dL/dy{u,D'^u,t) G 
L^. Consequently, using informations of Equation (|70p and making n tend to +00, we obtain: 

K= inf /:(!;)> / L{u,D'^u,t) dt = C{u). (72) 

Consequently, u is a global minimum of C. 



Case L satisfies (Hg).- in this case, let e > 0. Since {un)ne'N converges strongly in '^ to u, we 
have: 

3N G N, Vn > N, \\un - u\\^ < 6, (73) 



where 6 is given in the definition of (H5 ). In consequence, we have a.e. on [a, b]: 

yn>N, \L{un{t),D'lun{t),t) - L{u{t),D'^Unit),t)\ < e. (74) 
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Moreover, for any n > N, we have: 

pb rb 

C{Un)=l L{u,D'^U,t) dt+ L{Un,D'^Un,t)- L{u,D'^Un,t) dt 

J a J a 

+ I L{u,Dlun,t) - L{u,D'^u,t) dt. (75) 

J a 

Then, for any n > N, we have by convexity: 

/•b j-b 

C-{un)> I L{u,D'iu,t)dt- I \L{Un,DlUn,t)-L{u,D'^Un,t)\dt 
J a J a 

fb ar 

+ ^-(u,D^u,t)-(D^u„-D^u)dt. (76) 
Ja oy 

And, using Equation (|74p. we obtain for any n > N: 

rb rb or 

C-{un)> L{u,D^u,t)dt-e{b-a)+ ^-{u,D^u,t) ■ {D^Un - D^u) dt. (77) 

Ja Ja oy 



Let us remind that dL/dy{u,DZu,t) E L'^ since L satisfies ( IH3D . Since (L'"ti„)„gN converges 
weakly in L^ to D'^u, we obtain by making n tend to +00 and then by making e tend to 0: 

K= inf C{v)> I L{u,D'^u,t)dt = C{u). (78) 

^6^",? Ja 

Consequently, ti is a global minimum of C. 



Case L satisfies (H^)-' in this case, we refer to Theorem 3.23 in [13j . D 



Let us note that if we replace convexity by strict convexity in Hypothesis ( IH5D , one can easily 
prove that it implies the uniqueness of the global minimum of C 

Finally, combining Theorems [10] and [T2l the proof of Theorem [2] is completed. 



6. Examples 

Let us see some examples of Lagrangian L satisfying Hypothesis of Theorem [2j Consequently, 
the fractional Euler-Lagrange equations ()EL"P associated admits a weak solution u E E^^p- 

The most classical example is the Dirichlet integral, i.e. the Lagrangian functional associated 
to the Lagrangian L given by: 

L{x,y,t) = ^\\yf. (79) 



Indeed, in this case, L satisfies Hypothesis ( |HiD , ( IH2D , ( IH3D , ( IH4D and ( IH5D for p = 2. Hence, 
the fractional Euler-Lagrange equation ()EL"P associated admits a weak solution in E^^p for 
(l/2)<a<L 

In a more general case, let us take the following Lagrangian L: 

L{x,y,t) = -\\y\\P + a{x,t), (80) 

P 
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where p > 1 and a G '^^(M'^ x [a, 6],M+). Then, L satisfies Hypothesis ^^, (|H3), ( [H^ , 



( H4 ) and (H5) and the fractional Euler-Lagrange equation ()EL°P associated admits a weak 



solution in Ea^p for (1/p) < a < 1. Let us note that if for any t S [a, h], a{-,t) is convex, then 
L satisfies Hypothesis (IH5D 



In the unidimensional case d = 1, let us take a Lagrangian with a second term linear in its 
first variable, i.e.: 

L{x,y,t) = -\y\P + f{t)x, (81) 

where p > 1 and / G '^^([a, 5],M). Then, L satisfies Hypothesis ((Hi]), ([H^), ([H^), (|Hl]) and 



( H5 ) and the fractional Euler-Lagrange equation (|EL"P associated admits a weak solution in 



Ea,p for (1/p) < a < 1. 

Theorem [2] is a result based on strong conditions on Lagrangian L (especially Hypothesis 
( |H4D ). Consequently, there exist Lagrangian not satisfying the imposed conditions. We can 
cite the Bolza's example in dimension d = 1 given by: 

L{x,y,t) = {y^-lf + x\ (82) 



This Lagrangian does not satisfy Hypothesis ( IH4D neither Hypothesis (H5). 



Nevertheless, the method developed in this paper gives a framework in order to study the 
existence of weak solutions for fractional Euler-Lagrange equations. As usual with varia- 
tional methods, the conditions of coercivity or convexity can often be replaced by weaker 
assumptions specific to the studied problem. 
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